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Abstract Photonic topological insulators supporting unidirec-
tional topologically protected edge states represent attrac-
tive platform for realization of disorder- and backscattering-
immune transport of edge excitations in both linear and non-
linear regimes. In many realizations of topological insulators
structured periodic materials are used, since they may admit
specific Dirac degeneracy in the spectrum, around which unidi-
rectional edge states appear under the action of physical effects
breaking time-reversal symmetry. While properties of the edge
states at unclosed interfaces of two bulk media with different
topology are known, the existence of the edge states in practical
finite-dimensional topological insulators fully immersed in non-
topological environment remains largely unexplored. In this work
using as an example realistic polariton topological insulators
built from small-size honeycomb arrays of microcavity pillars, we
illustrate how topological properties of the system build up upon
gradual increase of its dimensionality. To account for dissipative
nature of polariton condensate forming in the array of microcav-
ity pillars, we consider the impact of losses and resonant pump
leading to rich bistability effects in this system. We describe
the mechanism in accordance with which trivial-phase pump
”selects” and excites specific nonlinear topological edge states
circulating along the periphery of the structure in the azimuthal
direction dictated by the direction of the external applied mag-
netic field. We also show the possibility of utilization of vortex
pump with different topological charges for selective excitation
of different edge currents.
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1. Introduction
The phenomenology of topological insulators - materials
with unusual physical properties, behaving like usual in-
sulators in the bulk, but admitting conductance through
topologically protected states appearing at their edges -
have penetrated in diverse areas of science, ranging from
solid-state physics, mechanics, physics of matter waves,
to acoustics and optics. Considerable progress was made
in the experimental realization of such states in all above
mentioned areas, in particular in electronic systems (see re-
views [1, 2] and references therein), where such states were
introduced initially, mechanical systems, where tunable
phononic topological insulators have been designed using
geometrically induced effects of spin-orbit coupling [3–5],
acoustics [6, 7], cold atoms in optical lattices [8], atomic
Bose-Einstein condensates [9], and most notably in opti-
cal systems (see review [10]), including gyromagnetic pho-
tonic crystals [11, 12], semiconductor quantum wells [13],
arrays of coupled resonators [14, 15], metamaterial super-
lattices [16], and helical waveguide arrays [17–21]. Very
recently, topological insulators were also predicted theo-
retically [22–24] and realized experimentally [25] in po-
laritonic systems. The representative advantage of optical
and polaritonic systems is that they enable observation of
rich interplay of topological and nonlinear effects. More-
over, in these systems diverse periodic structures can be
utilized for construction of insulators with various geome-
tries. Thus, modern technologies of polariton microcavity
structuring [26,27] allow creation of various periodic poten-
tial landscapes (see for example works [28–32]) possessing
characteristic Dirac degeneracies in the spectrum that are
frequently required for formation of topological phases in
such systems. Very high nonlinearities in polariton con-
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densates allow observation of non-topological [33–35] and
potentially of topological [36–38] solitons in such periodic
potential landscapes. Nonlinear response may change circu-
lation direction for topological currents [39, 40] and it was
used to demonstrate valley Hall effect for vortices [41].
Topological insulators with engineered potential land-
scapes (such as those created by arrays of waveguides or
arrays of microcavity pillars) open exciting opportunity to
study the impact of insulator geometry on edge currents.
This problem is especially important from the point of view
of demonstration of robustness of topological edge states to
local perturbations/disorder and to global geometrical inter-
face deformations. Even though many works demonstrated
robustness of the edge states on sharp bends of the structure,
actually only few of them depart from geometry, where two
half-spaces are occupied by topologically distinct materi-
als, and consider the case, where finite-dimensional topo-
logical insulator is fully immersed in the non-topological
environment. The representative feature of the latter set-
ting is that characteristic localization length of the edge
states near the surface may be comparable with the size
of the insulator. Rare examples, all of which still consider
quite large structures, include finite-size topological quasi-
crystals with helical waveguides [21], study coupling of
edge states from the opposite boundaries in the vicinity
of degeneracies in the energy spectrum in finite photonic
crystal ribbons [42, 43]), and narrow polaritonic ribbons,
extended in only one direction [44], finite-dimensional topo-
logical lasers made with photonic crystals [45], arrays of
coupled-ring resonators [46, 47], and polariton microcavity
pillars [48, 49], to name a few. This leaves open the im-
portant question connected with dimensionality and limits
for miniaturization of topological insulators: What is the
minimal size of the structured insulator sufficient for clear
emergence of topological properties and allowing excita-
tion of protected edge currents immune to structure defor-
mations? This question is especially relevant for optical
and optoelectronic systems, where fabrication of really ex-
tended structures is technologically challenging, and all
experiments illustrating emergence of edge states and their
topological protection are necessarily performed in finite
geometries. To the best of our knowledge the answer to this
important question has not been provided yet.
To answer it and to demonstrate how topological prop-
erties build up with increase of dimensions of topological
insulators we consider polariton insulator formed by the
array of microcavity pillars with appreciable spin-orbit cou-
pling, arranged into honeycomb structure with finite and
gradually increasing number of periods along each side of
the array, and placed in the external magnetic field. We find
eigenmodes of such arrays, identify which of them give rise
to protected edge currents, and illustrate increasing number
of the topologically protected edge states with increase of
the size of this structure. Our findings clearly show that
persistent edge currents are possible already in sufficiently
small structures having only several periods along each side
of the array and that these currents are not destroyed by
such disturbances as missing pillars. This opens the way
to potential realization on the basis of such structures of
compact coupling elements operating with topologically
protected states. Since polariton condensates are essentially
dissipative, they require pump for their excitation that can
be non-resonant [48,50–52] or resonant [53,54]. In the latter
case, when the pump is taken as an external forcing imprint-
ing both energy and momenta onto microcavity polaritons,
we obtain rich bistability effects that were not previously
explored for finite-dimensional topological structures. We
found that even trivial-phase plane wave pump can excite
edge currents if it has sufficiently large projection on cor-
responding linear eigenmode with eigenvalue belonging to
the topological gap. The pump frequency corresponding to
most efficient excitation shifts with increase of pump am-
plitude. Vortex pump can excite topological currents too,
whose direction turns out to be the same even for opposite
topological charges of the pump beam.
2. Topological properties of finite arrays
We describe the evolution of a spinor polariton condensate
in the array of microcavity pillars [29] in circular polariza-
tion basis using coupled Gross-Pitaevskii equations for the
spin-positive and spin-negative components of the polariton
wavefunction Ψ= (ψ+,ψ−)T [22, 36, 54]:
i
∂ψ±
∂T
=− h¯
2
2m
(
∂ 2
∂X2
+
∂ 2
∂Y 2
)
ψ±+
β h¯2
m
(
∂
∂X
∓ i ∂
∂Y
)2
ψ∓
+ ε0[R(X ,Y )ψ±±Ωψ±+(|ψ±|2+σ |ψ∓|2)ψ±
− iγψ±+H±(T )].
(1)
Here, m is the effective polariton mass; β is the dimen-
sionless parameter characterizing strength of the effective
spin-orbit coupling arising from polarization-dependent tun-
neling between neighboring pillars in the array [55–57];
X ,Y and T are the physical distances and time, which
are replaced by their normalized counterparts (x,y, t) =
(X/L,Y/L,Tε0/h¯) in our modeling; L is the characteris-
tic transverse scale; Ω is the Zeeman splitting in the external
magnetic field; γ are linear losses, which are taken identical
for both spinor components; H± = h±e−iεTε0/h¯ is the po-
larized resonant pump with dimensionless pump frequency
detuning ε . All energy parameters in Eq. (1) are expressed
through the characteristic energy ε0 = h¯2/mL2. The poten-
tial landscape created by the array of microcavity pillars
is described by the function R = ∑n,mQ(x− xn,y− ym),
whereQ(x,y) =−pe−[(x−xn)2+(y−ym)2]/d2 stands for contri-
bution from individual pillars of width d and depth p. The
pillars are arranged into finite hexagonal structure (see in-
sets in Fig.1 ) with different number k of periods along
each side. One period is given by Y = 31/2a, where a is the
separation between neighboring pillars. For convenience,
we denote structures with different number of periods k as
Hk, i.e. the minimal structure with one honeycomb cell is
H1 in these notations. Assuming characteristic scale L of
2 µm and effective mass m= 10−34 kg one obtains charac-
teristic energy scale of ε0 = 0.17 meV. Further we consider
Copyright line will be provided by the publisher
3the structure creating the potential landscape with d = 0.5
(1 µm radius of pillars), p = 8 (∼ 1.36 meV depth of the
potential landscape), a= 1.4 (2.8 µm separation between
pillars); and Zeeman splitting of energies of spin-positive
and spin-negative polaritons of Ω = 0.5 (∼ 0.085 meV).
We also took into account repulsion between polaritons of
the same spin and weak attraction σ =−0.05 between po-
laritons with opposite spins. Linear losses are taken at the
level of γ = 0.005 - this parameter only defines the width of
bistability curves and can be varied in a broad range.
We first consider the energy spectrum of our finite-
dimensional structures in the linear, pump-free and loss-
free configuration by substituting the expression ψ±(x,y) =
u±(x,y)e−iεt for mode shapes into linear version of Eq. (1)
with γ = 0 and H±= 0 and solving the resulting linear eigen-
value problem εu± = − 12 (∂ 2x + ∂ 2y )u±+β (∂x∓ i∂y)2u∓+
Ru±±Ωu± using plane-wave expansion method. We cal-
culated energy spectra for a wide range of Hk structures,
starting from k = 2 (since for k = 1 there is no principal
distinction between bulk and edge modes). Representative
examples of spectra, where all modes are sorted by increas-
ing energy such that mode n= 1 has lowest ε , for gradually
increasing k values are shown in Fig. 1. In contrast to the
semi-infinite topological insulators, where the energy spec-
trum is continuous and the number of states (edge states)
emerging in the topological gap (the latter opens under com-
bined action of Zeeman splitting and spin-orbit coupling
breaking time-reversal symmetry of governing system of
equations [36]) is uncountable, the finite structures possess
discrete energy spectra with only finite number of modes
having energies within topological gap of the continuous
system. For clarity, the borders of this gap are indicated by
the dashed lines in Fig. 1. All such modes, appearing already
forH2 structure, have nontrivial phase distribution and they
are recognized as edge states, since they have density max-
ima at the edges of the structure and fade away into its depth
(see, for instance, the examples of such in-gap modes 25-28
from theH3 structure and in-gap modes 140,146 from the
H7 structure in Fig. 2). In contrast, all modes with energies
outside the bulk gap (e.g., modes 23 and 30 from Fig. 2)
are clearly the bulk modes. The number of the edge states
increases with the increase of the size of the structure, the en-
ergy spacing between different modes gradually decreases
- in some sense we observe gradual transition to infinite
system with increase of k, but the important conclusion is
that even in minimalH2,H3 structures there is clear border
between topological and bulk states (see Fig. 5 below con-
firming that edge states remain topologically protected even
in such small structures). Interestingly, that by analogy with
properties of edge states in large systems, the localization of
modes in finite-dimensional insulator depends on how close
the energy of the mode to the edge of the gap - compare
last two panels in Fig. 2, where mode 140 has energy at the
border of the gap and deeply penetrates into array, while
mode 146 has energy close to the gap center and is strongly
localized.
Figure 1 Energies εn of linear modes versus mode index n in
H2 (a),H3 (b),H5 (c), andH7 (d) arrays (shown in the insets).
Dashed lines show borders of the topological gap in the bulk array.
Red dots indicate edge modes that are excited most efficiently
when pump is present. Energies of these modes are indicated too.
Here and in all figures below β = 0.3 and Ω= 0.5.
3. Bistability for plane-wave pump
Having linear properties of the system established, we now
turn to practically important question of excitation of topo-
logical currents in this finite-dimensional system. These
currents can be excited using resonant pump. At unclosed
straight interfaces excitation of edge currents would require
matching of pump momentum with Bloch momentum of
the edge state parallel to the interface. It turns out that in
finite-dimensional system the excitation process is less de-
manding because the very configuration of the structure
defines which mode will be preferentially excited by plane-
wave pump with trivial phase, at the same time leaving
full freedom for mode selection by pump with nontriv-
ial, e.g. vortical phase. In the case of plane-wave pump
H±(t) = h±e−iεt nonlinear modes of the system (1) have
the form ψ±(x,y) = u±(x,y)e−iεt , where now energy ε is
dictated by the pump and functions u± obey
Copyright line will be provided by the publisher
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Figure 2 Examples of linear modes supported by theH3 (first
and second lines) andH7 (third line) structures. Modes marked
with red circles are excited most efficiently in the presence of
pump.
1
2
(∂ 2x +∂
2
y )u±−β (∂x∓ i∂y)2u∓−Ru±∓Ωu±
−(|u±|2+σ |u∓|2)u±+ iγu±−h±+ εu± = 0.
(2)
Eq. (2) was solved using Newton method by fixing
the pump strength (we consider a linearly polarized pump,
namely, h+ = h−) and scanning pump energy across the
range corresponding to topological gap. Excitation of edge
currents is a highly selective resonant process that is most ef-
fective when pump energy coincides with that of one of the
linear modes of the structure, and it has narrow bandwidth
(defined by losses γ). Typical dependencies of the amplitude
of the ψ− component of nonlinear mode (that substantially
exceeds amplitude of ψ+ component for selected sign of
Zeeman splitting) on pump energy ε are shown in Fig. 3
for H3 and H7 structures. Despite the fact that there are
multiple linear modes in the gap (see Fig. 1), linearly po-
larized pump effectively excites only one of them in the
H3 structure [Fig. 3(a)] and two of them in theH7 struc-
ture [Fig. 3(e)]. The energies of the most efficiently excited
modes (in the linear limit) are indicated by dashed lines in
Fig. 3(a),(e) and by red circles in Fig. 1. Such selectivity in
mode excitation can be explained by calculating projections
of plane-wave pump on the profiles of linear eigenmodes of
the array. It turns out that due to symmetry of these modes,
the projection is practically zero for most of them, except for
several modes that are eventually excited. The maximal am-
plitude of the wave in resonance is dictated by the modulus
of this projection, i.e. excitation efficiency strongly differ.
The larger is the structure, the more modes are excited,
but corresponding resonances are usually well-separated.
For sufficiently strong pumps the resonance curves show
Figure 3 Peak amplitude of the dominatingψ− component versus
detuning ε forH3 (a) andH7 (e) arrays. In (a) pump amplitudes
h± = 0.002 (bottom curve), 0.004 (middle curve), and 0.008 (top
curve) are used, in (e) h± = 0.016. |ψ−| distributions in (b)-(d)
and (f)-(h) correspond to red dots. Namely, the modes shown
are obtained at ε =−3.50 (point b), ε =−3.35 (points c and d),
ε =−3.36 (point f), ε =−3.45 (point g), and ε =−3.33 (point h).
Stable branches are shown black, unstable ones are shown red.
Dashed red lines indicate energy of linear modes that are most
efficiently excited.
pronounced nonlinearity-induced tilt, sometimes leading to
bistability as in Fig. 3(a), and may even form loops, like the
one seen in the left resonance in Fig. 3(e). Notice that far
from the resonance the nonlinear state represents a mixture
of several modes and has considerable amplitude in the bulk
of the array, but close to the resonance tip the nonlinear state
clearly localizes at the edge, see Fig. 3(b)-(d) and Fig. 3(f)-
(h) corresponding to red dots on corresponding bistability
curves.
We studied stability of these nonlinear modes by direct
numerical integration of Eq. (1) with the initial conditions
ψ± = u±(1+α±), where u± is the function describing edge
state and α± is the broadband small-amplitude noise. Corre-
sponding modes were allowed to evolve up to times t ∼ 104
greatly exceeding polariton lifetime. The nonlinear mode is
considered stable if the mode maintains its waveform over
time interval t ∼ 104, and unstable otherwise. Stable and
unstable branches detected with this method are indicated
Copyright line will be provided by the publisher
5Figure 4 Peak amplitude of ψ− component versus time (a) and
examples of spatial |ψ−| distributions in different moments of
time [corresponding to dots in (a)] showing stable evolution at
ε = −3.39 (b) and unstable evolution at ε = −3.37 (c) of the
perturbed edge states from the upper branch of the resonance in
H3 array at h± = 0.008.
in Fig. 3(a),(e) with black and red colors, respectively. For
sufficiently large pump amplitudes only part of the upper
branch is stable - corresponding waves belonging to stable
region are well-localized at the edge. One example of stable
evolution and corresponding profiles of initially perturbed
nonlinear mode are shown in Fig. 4(a),(b). The modes from
the unstable part of the upper branch usually jump to the
lower branch on bistability curve, this is accompanied by
extension of the mode into bulk of the array, see Fig. 4(a),(c).
Lower branches are always stable, and middle branches are
unstable. Interestingly, in theH7 structure middle and upper
branches may exchange their order, since they form loop
[Fig. 3(e)], with both branches being unstable.
We emphasize that despite the fact that arrays considered
here are very small in comparison with structures typically
used to illustrate topological excitations, the modes sup-
ported by such arrays are topologically protected entities.
To demonstrate unidirectional nature and robustness of such
excitations we imposed localized envelope on one of them
and let it evolve. Fig. 5(a-f) show how truncated nonlinear
edge mode gradually evolves into edge state that extends
over entire boundary. Circulation in the clockwise direction
indicated by white arrows is also obvious at the initial stages
of evolution. Notice that circulation direction is defined ex-
clusively by the sign of spin-orbit coupling coefficient β and
sign of Zeeman splitting Ω defined by the direction of the
external magnetic field applied to the structure, i.e. the same
circulation direction was observed for all excited modes
from topological gap and for any size of theHk structure,
confirming unidirectional character of edge states in this
Figure 5 (a)-(f) Example of circulation of localized input in the
H5 array that ends up with excitation of stable edge state. (h),(i)
Evolution of edge state in theH5 array with defect, shown in (g).
In all cases h± = 0.016, ε =−3.345.
system that is not affected by the pump. Reversal of the
sign of Ω leads to reversal of edge currents. Edge states in
finite-dimensional arrays are also topologically protected
and insensitive to the defects in the underlying structure.
One example is shown in Fig. 5(g)-(i), where initially unper-
turbed edge mode from the stable branch of the resonance
curve gradually reshapes to accommodate to surface defect
in the form of missing pillar. The reshaping is local and it
only affects the wave profile around the defect, since peak
amplitude of the state remains unchanged at large times.
4. Bistability for vortex pump
As it was shown above, plane-wave pump excites only
certain specific modes of the structure that exhibit clock-
wise circulation due to broken time-reversal symmetry. The
pump with nontrivial phase distribution, such as vortical
one, brings additional rich possibilities for control of the
excitations in finite-dimensional insulators. Here we are
mainly interested how topological charge m of the pump
h± = h0(r/w)|m|e−r
2/w2+imφ affects emerging edge states.
It is well-known that in nontopological polariton systems
resonant pump imposes its phase on the condensate, so the
question arises whether similar phenomenon exists in topo-
logical systems. It turns out that the response of topological
insulator to vortex pump is completely different. Fig. 6(a)
compares resonance curves for pumps with opposite topo-
logical charges. They are markedly different: the resonance
for m = +1 pump is much stronger than that for m = −1
pump and they in fact occur at two different energy values,
i.e. different topological modes are excited. The profile of
such vortical pump is shown in Fig. 6(b),(c), while profiles
of excited modes in tips of two resonances are shown in
Copyright line will be provided by the publisher
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Figure 6 (a) Peak amplitude of the dominating ψ− component
versus detuning ε for vortical pump with m=+1 (black-red curves)
and m=−1 (blue-red curves) inH3 structure. Pump amplitude
is 0.02 and width is 8. Stable branches are shown black and blue,
unstable ones are shown red. Pump modulus (b) and phase (c)
for m = +1. |ψ−| distributions for m = +1 (d),(e) and m = −1
(f),(g) pump correspond to red dots in (a). Dashed red lines show
energies of linear modes most efficiently excited by the vortex
pump: ε = −3.481 (m = +1 pump) and ε = −3.350 (m = −1
pump).
Fig. 6(d) and (f). Both these modes are clearly localized at
the edge of the structure. Because topological system ad-
mits only clockwise currents for selected sign of β ,Ω, both
modes reveal circulation in the clockwise direction, when
they are truncated. It should be stressed that the structure
of resonances is different for other values of topological
charge m of the pump, i.e. by changing m one can excite any
desired nonlinear edge state available in this structure. The
velocity of circulation in corresponding edge states will be
determined not only by the modulus of topological charge
of the pump, but also by its sign. We also studied stability
of edge states excited by vortex pump. As before unstable
branches are shown with red color in Fig. 6(a), while stable
branches are shown black/blue. If pump is not too large the
entire upper branch may be dynamically stable (see right
resonance).
5. Summary
Summarizing, we predicted that even small-size polariton
topological insulators immersed into non-topological en-
vironment demonstrate clear unidirectional edge currents
that are not destroyed by structure defects. The practical
system that we addressed admits very selective excitation
of edge currents by pump with nontrivial phase distribu-
tion. Robustness of topological effects together with micron-
scale dimensions of structures considered here, make them
promising for construction of practical topological devices.
They can be fabricated with different shapes and sizes offer-
ing flexibility not available in extended periodic structures
and opening new prospects for realization of topological
switching and transmission devices, resistant to perturba-
tions. The results reported here may be directly extended to
other optical or matter-wave systems, such as spin-orbit cou-
pled BEC or arrays of helical waveguides, where topological
protection is guaranteed by broken time-reversal symmetry.
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